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Abstract
We prove that every point-finite family of nonempty functionally open sets in a
topological space X has the cardinality at most an infinite cardinal κ if and only
if w(X) ≤ κ for every Valdivia compact space Y ⊆ Cp(X). Correspondingly a
Valdivia compact space Y has the weight at most an infinite cardinal κ if and
only if every point-finite family of nonempty open sets in Cp(Y ) has the cardinality
at most κ, that is p(Cp(Y )) ≤ κ. Besides, it was proved that w(Y ) = p(Cp(Y ))
for every linearly ordered compact Y . In particular, a Valdivia compact space or
linearly ordered compact space Y is metrizable if and only if p(Cp(Y )) = ℵ0. This
gives answer to a question of O. Okunev and V. Tkachuk.
1 Introduction
During the study of the Baire classification of separately continuous functions
f : X × Y → R, when Y satisfies compactness type conditions, it was es-
tablished that spaces X which satisfy a condition of a countable chain type,
play an important role (see [1,2,3]). The Baire classification of these map-
pings was obtained replacing of Y with its continuous metrizable image in the
space Cp(X) of all continuous functions on X with the pointwise convergence
topology.
This shows that it is natural to try to find necessary and sufficient conditions
on a topological space X for metrizability of any compact subspace of Cp(X)
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or any compact subspace of Cp(X) which belongs to a given class such as
Eberlein compact spaces, Corson compact spaces or Valdivia compact spaces.
A compact space X which is homeomorphic to a weakly compact subset of a
Banach space is called an Eberlein compact space. A compact space X is called
a Corson compact space if it is homeomorphic to a compact space Z ⊆ RT
such that |supp z| ≤ ℵ0 for any z ∈ Z. By supp z we denote the support
{t ∈ T : z(t) 6= 0} of a function z : T → R. A compact space X is called
a Valdivia compact space if it is homeomorphic to a compact space Z ⊆ RT
such that the set {z ∈ Z : |supp z| ≤ ℵ0} is dense in Z.
Analogous questions were investigated in [4,5,6,7],where connections between
cardinal properties of a completely regular space X and the space Cp(X) were
studied. The point-finite cellularity p(X) = sup{|τ | : τ is a point-finite family
of nonempty open sets in X} of a topological space X , which was introduced
in [4], is important in these papers. In particular, the following questions were
posed in [7, questions 5.2, 5.4]:
Question 1.1 Let X be a Souslin continuum, i.e. a non-separable linearly
ordered perfectly normal compact space. It is true that p(Cp(X)) = ℵ0?
Question 1.2 Let X be a Corson compact space such that p(Cp(X)) = ℵ0.
Must X be metrizable?
Question 1.2 was answered in [8]. It is proved in [8] that the weight of a Corson
compact space X is equal to the point-finite cellularity of Cp(X).
In this paper we study necessary and sufficient conditions on a topological
space X for metrizability of any Valdivia compact space Y ⊆ Cp(X). Using a
technique of a dependence of mappings upon a certain number of coordinates
we prove that any point-finite family of functionally open sets in a topological
space X has the cardinality at most an infinite cardinal κ if and only if each
Valdivia compact space Y ⊆ Cp(X) has the topological weight at most κ. In
particular, p(X) = ℵ0 for a completely regular space X if and only if each
Valdivia compact space Y ⊆ Cp(X) is metrizable. Passing to a dual problem
on study of connections between properties of a compact space Y and the
space Cp(Y ), we obtain that a Valdivia compact space Y has the weight at
most an infinite cardinal κ if and only if p(Cp(Y )) ≤ κ. It implies immediately
the following fact: a Valdivia compact space Y is metrizable if and only if
p(Cp(Y )) = ℵ0. Besides, it was proved that w(Y ) = p(Cp(Y )) for every linearly
ordered compact space Y (this yields a negative answer to Question 5.2 from
[7]).
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2 A dependence of mappings upon a certain number of coordinates
In this section we prove a theorem which will be a technical tool in the proof
of the main result and based on a notion of a dependence of mappings upon
a certain number of coordinates.
Let κ be an infinite cardinal number, and let Z, T be sets, Y ⊆ RT and
f : Y → Z. We say that f is concentrated on a set S ⊆ T if for any y′, y′′ ∈ Y
the condition y′|S = y
′′|S implies f(y
′) = f(y′′). Besides, if |S| ≤ κ then f
depends upon κ coordinates.
Let X be a set and g : X × Y → Z. Then g is concentrated on a set S ⊆ T
in the second variable if g(x, y′) = g(x, y′′) for any x ∈ X and y′, y′′ ∈ Y with
y′|S = y
′′|S; and g depends upon κ coordinates in the second variable if |S| ≤ κ
for some S.
A subset A of a topological space X is called functionally open if there exists
a continuous function f : X → [0, 1] such that A = f−1((0, 1]).
The following result was obtained in [9] for κ = ℵ0.
Theorem 2.1 Let X be a topological space in which every point-finite family
of nonempty functionally open sets has the cardinality at most an infinite
cardinal number κ, let Y ⊆ RT be a compact space, B = {y ∈ Y : |supp y| ≤ κ}
and Y = B. Then every separately continuous function f : X×Y → R depends
upon κ coordinates in the second variable.
Proof. First we prove that for every ε > 0 there exists a set Rε ⊆ T such
that |Rε| ≤ κ and for any b
′, b′′ ∈ B the condition b′|Rε = b
′′|Rε implies
|f(x, b′)− f(x, b′′)| ≤ ε for every x ∈ X .
Suppose, contrary to our claim, that there exists an ε > 0 such that for every
set S ⊆ T with |S| ≤ κ there exist an x ∈ X and b′, b′′ ∈ B such that
b′|S = b
′′|S and |f(x, b
′)− f(x, b′′)| > ε.
Denote by T (κ+) the first ordinal of cardinality κ+. Using the transfinite
induction we construct a system {Sα : α < T (κ
+)} of sets Sα ⊆ T and sets
{bα : α < T (κ
+)}, {cα : α < T (κ
+)} and {xα : α < T (κ
+)} of points bα, cα ∈ B
and xα ∈ X such that
(a) |Sα| ≤ κ for any α < T (κ
+);
(b) bα|Sα = cα|Sα for any α < T (κ
+);
(c) Sα ⊆ Sβ for any α < β < T (κ
+);
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(d) supp bα ⊆ Sα+1, supp cα ⊆ Sα+1 for any α < T (κ
+);
(e) |f(xα, bα)− f(xα, cα)| > ε for any α < T (κ
+).
Fix a set S1 ⊆ T with |S1| ≤ κ. By the assumption, there exist points x1 ∈ X
and b1, c1 ∈ B such that b1|S1 = c1|S1 and |f(x1, b1) − f(x1, c1)| > ε. Put
S2 = S1 ∪ supp b1 ∪ supp c1. Clearly |S2| ≤ κ. Choose points x2 ∈ X and
b2, c2 ∈ B such that b2|S2 = c2|S2 and |f(x2, b2)− f(x2, c2)| > ε.
Suppose that for some β < T (κ+) the sets {Sα : α < β}, {bα : α < β}, {cα :
α < β} and {xα : α < β} are constructed. Put Sβ =
⋃
α<β
(Sα∪supp bα∪supp cα).
Since for α < β all the sets Sα, supp bα and supp cα have cardinality at most
κ, we have the inequality |Sβ| ≤ κ. By the assumption, there exist points xβ
and bβ, cβ ∈ B such that bβ |Sβ = cβ|Sβ and |f(xβ, bβ)− f(xβ, cβ)| > ε.
The continuity of f in variable x and condition (e) imply that for every α <
T (κ+) there exists an functionally open neighborhood Uα of xα in X such that
|f(x, bα)− f(x, cα)| > ε for any x ∈ Uα. According to the theorem condition,
the family (Uα : α < ω) is not point-finite. Thus there exist a point x0 ∈ X
and a strictly increasing sequence (αn)
∞
n=1 of ordinals αn < T (κ
+) such that
|f(x0, bαn)− f(x0, cαn)| > ε for any n ∈ N.
Put Tn = Sαn , vn = bαn and wn = cαn by n ∈ N. Using the compactness of Y
and the continuity of fx0 : Y → R, fx0(y) = f(x0, y), choose a finite set T0 ⊆ T
such that |f(x0, y
′) − f(x0, y
′′)| < ε for any y′, y′′ ∈ Y with y′|T0 = y
′′|T0. It
follows from |f(x0, vn)− f(x0, wn)| > ε that vn|T0 6= wn|T0 . But vn|Tn = wn|Tn
according to (b) and vn|T\Tn+1 = wn|T\Tn+1 according to (c) and (d). Thus
T0 ∩ (Tn+1 \ Tn) 6= Ø for any n ∈ N. Since the sequence (Tn)
∞
n=1 is increasing,
T0 is infinite, which is impossible. Hence the existence of Rε is proved.
Put R0 =
∞⋃
n=1
R 1
n
. Clearly f(x, b′) = f(x, b′′) for any x ∈ X , b′, b′′ ∈ B with
b′|R0 = b
′′|R0 . Fix points x ∈ X , y
′, y′′ ∈ Y such that y′|R0 = y
′′|R0. Since a
function fx : Y → R, fx(y) = f(x, y) is continuous on the compact space
Y ⊆ RT , there exists an at most countable set T0 ⊆ T such that f(x, y1) =
f(x, y2) for any y1, y2 ∈ Y with y1|T0 = y2|T0. Consider a continuous mapping
ϕ : Y → RT0∪R0 , ϕ(y) = y|T0∪R0 . Since Y = B, we have the inequality
ϕ(Y ) = ϕ(B). Note that B is an κ-compact set, that is, the closure A in
B of any set A ⊆ B with |A| ≤ κ is a compact set. Therefore ϕ(B) is an
κ-compact set. It follows from |T0 ∪ R0| ≤ κ that w(ϕ(Y )) ≤ κ. The density
of ϕ(B) in ϕ(Y ) implies the existence of a dense in ϕ(Y ) set C ⊆ ϕ(B) such
that |C| ≤ κ. Then ϕ(Y ) ⊆ C ⊆ ϕ(B). Thus ϕ(Y ) = ϕ(B). Therefore there
exist points b′, b′′ ∈ B such that b′|T0∪R0 = y
′|T0∪R0 and b
′′|T0∪R0 = y
′′|T0∪R0 .
Since b′|T0 = y
′|T0 , b
′′|T0 = y
′′|T0 and b
′|R0 = b
′′|R0, we have f(x, y
′) = f(x, b′),
f(x, b′′) = f(x, y′′) and f(x, b′) = f(x, b′′). Hence f(x, y′) = f(x, y′′). Thus f is
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concentrated on R0 and therefore f depends upon κ coordinates in the second
variable. ♦
3 Main results
Theorem 3.1 Let X be a topological space and let κ be an infinite cardinal
number. Then the following conditions are equivalent:
(i) every point-finite family of nonempty functionally open in X sets has the
cardinality at most κ;
(ii) w(Y ) ≤ κ for any Valdivia compact space Y ⊆ Cp(X);
(iii) w(Y ) ≤ κ for any Eberlein compact space Y ⊆ Cp(X).
Proof. (i) =⇒ (ii). By the definition, a Valdivia compact space Y ⊆ Cp(X)
is homeomorphic to a compact space Z ⊆ RT such that the set {z ∈ Z :
|supp z| ≤ ℵ0} is dense in Z. Fix a homeomorphism ϕ : Z → Y . For every x ∈
X and z ∈ Z we put f(x, z) = ϕ(z)(x). Clearly, f is a separately continuous
function on X × Z. By Theorem 2.1, f depends upon κ coordinates in the
second variable. This implies that the map ψ : Z → RS, ψ(z) = z|S, is
an injection and hence homeomorphism onto Z˜ = ψ(Z). Therefore w(Z) =
w(Z˜) ≤ κ.
Since every Eberlein compact space is a Valdivia compact space, the implica-
tion (ii) =⇒ (iii) is obvious.
The implication (iii) =⇒ (i) was proved in [5, Theorem 1].
Corollary 3.2 Let X be a completely regular space. Then the following con-
ditions are equivalent:
(i) p(X) = ℵ0;
(ii) each Valdivia compact space Y ⊆ Cp(X) is metrizable.
A topological space X is called pseudocompact if every continuous function
f : X → R is bounded; countably compact if a finite subcover can be cho-
sen from any countable open cover of X . A topological space X is called
σ-pseudocompact if it is the union of a sequence of pseudocompact subspaces
of X .
Corollary 3.3 Let X be a completely regular space with p(X) = ℵ0 which
consists a σ-pseudocompact dense subspace. Then every countably compact
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space Y ⊆ Cp(X) is metrizable.
Proof. By [10, Theorem III.4.23] every countably compact space Y ⊆ Cp(X)
is an Eberlein compact space. It remains to use Corollary 3.2. ♦
By K(X) we denote the system of all compact subsets of a topological space X .
A topological space X is called K-countably-determined if there exist a subset
Y in the topological space NN and a set-valued mapping F : Y → K(X) such
that for every open in X set U the set {y ∈ Y : F (y) ⊆ U} is open in Y and
X =
⋃
y∈Y
F (y).
Corollary 3.4 Let X be a completely regular space with p(X) = ℵ0 which
contains a K-countably-determined dense subspace. Then every compact space
Y ⊆ Cp(X) is metrizable.
Proof. Fix a dense in X K-countably-determined subspace X˜ and a compact
space Y ⊆ Cp(X). Consider the continuous identity mapping ϕ : Cp(X) →
Cp(X˜). Put Y˜ = ϕ(Y ). It follows from density X˜ in X that ϕ|Y is a bijection
and by [11, Theorem 3.1.13] ϕ is a homeomorphism. By [12, Theorem 3.7] Y˜ is
a Corson compact space. Thus Y is a Corson compact space and by Corollary
3.2 it is metrizable. ♦
Let D be a discrete space of cardinality κ > ℵ0. By Lκ we will denote an
one-point Lindelo¨ffication of D, that is Lκ = D
⋃
{∞} and all neighborhoods
of ∞ in Lκ are the complements in Lκ to all at most countable subsets of D,
besides the discrete topology on D coincides with the topology on D induced
by Lκ. A topological space X is called primary Lindelo¨ff if X is a continuous
image of a closed subset of the topological product Lκ
N for some κ > ℵ0. Note
that by [10, Corollary IV.3.17] for a primary Lindelo¨ff space X every compact
space Y ⊆ Cp(X) is a Corson compact space.
The following result can be obtained analogously.
Corollary 3.5 Let X be a completely regular space with p(X) = ℵ0 which
contains a primary Lindelo¨ff dense subspace. Then every compact space Y ⊆
Cp(X) is metrizable.
Recall that a set F of functions defined on a set X separates points on X if
for arbitrary distinct points x′, x′′ ∈ X there exists a function f ∈ F such that
f(x′) 6= f(x′′).
Theorem 3.6 Let Y be a Valdivia compact space and let κ be an infinite
cardinal number. Then the following conditions are equivalent:
(i) w(Y ) ≤ κ;
6
(ii) p(Cp(Y )) ≤ κ;
(iii) there exists a space X ⊆ Cp(Y ) with p(X) ≤ κ which separates points on
Y .
Proof. (i) =⇒ (ii). Suppose that w(Y ) ≤ κ. If Y is infinite then d(Cp(Y )) ≤
w(Y ) ≤ κ. If Y is finite then d(Cp(Y )) = ℵ0 ≤ κ anyway. Thus d(Cp(Y )) ≤ κ.
Therefore p(Cp(Y )) ≤ κ.
The implication (ii) =⇒ (iii) is obvious.
(iii) =⇒ (i). Fix a subspace X ⊆ Cp(Y ) with p(X) ≤ κ which separates points
on Y . Consider a continuous mapping ϕ : Y → Cp(X), ϕ(y)(x) = x(y). Since
X separates points on Y , the map ϕ : Y → ϕ(Y ) is a bijection and by [11,
Theorem 3.1.13] ϕ is a homeomorphism. Thus ϕ(Y ) is an Valdivia compact
space and w(Y ) ≤ κ by Theorem 3.1. ♦
Note that Theorem 3.6 is not true for an arbitrary compact space Y . Indeed,
2ℵ0 = w(Y ) > p(Cp(Y )) = ℵ0 for Y = βN (see [6], proof of Theorem 2.11).
Corollary 3.7 Any Valdivia compact space Y is metrizable if and only if
p(Cp(Y )) = ℵ0.
4 Linearly ordered compacta
Let (X,<) be a linearly ordered space. For every x, y ∈ X , x < y, we put
(x, y) = {z ∈ X : x < z < y}, [x, y) = {z ∈ X : x ≤ z < y}, (x, y] = {z ∈ X :
x < z ≤ y} and [x, y] = {z ∈ X : x ≤ z ≤ y}. Elements x, y ∈ X , x < y such
that (x, y) = Ø are called neighbor points.
Proposition 4.1 Let (X,<) be a linearly ordered countably compact space
and let A = {(x, y) ∈ X2 : x < y and (x, y) = Ø}. Then c(X) ≤ p(Cp(X))
and |A| ≤ p(Cp(X)).
Proof. Let B = {(xi, yi) ∈ X
2 : i ∈ I} be a set which satisfies the following
conditions:
a) xi < yi for every i ∈ I;
b) yi ≤ xj or yj ≤ xi for every distinct i, j ∈ I.
Put Ui = {f ∈ Cp(X) : f(xi) < 0 and f(yi) > 1} for each i ∈ I. We show that
(Ui : i ∈ I) is a point-finite family in Cp(X). Suppose that f ∈ Cp(X) such
that a set J = {i ∈ I : f ∈ Ui} is infinite. Then in an infinite set {xi : i ∈ J}
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there exists a strictly increasing or decreasing sequence (xin)
∞
n=1, in ∈ J . Since
X is a countably compact space, there exists z ∈ X such that z = lim
n→∞
xin =
lim
n→∞
yin. Therefore f(z) = limn→∞ f(xin) ≤ 0 and f(z) = limn→∞ f(yin) ≥ 1, which
is impossible.
Thus (Ui : i ∈ I) is a point-finite family and |I| ≤ p(Cp(X)). Since any chain
generates a set B with (xi, yi) 6= Ø for every i ∈ I, and A generates a set B
with (xi, yi) = Ø for every i ∈ I, we have the inequality c(X) ≤ p(Cp(X)) and
|A| ≤ p(Cp(X)). ♦
The following assertion seems to be known.
Proposition 4.2 Let (X,<) be a linearly ordered space. Then d(X) ≤ c(X2).
Proof. Let A be a set of all isolated points of X and let (Wi : i ∈ I) be
a maximal family of nonempty sets Wi = (ai, bi) × (ci, di) in X
2 such that
bi ≤ ci or di ≤ ai for each i ∈ I. Clearly |A| ≤ c(X
2) and |I| ≤ c(X2). Put
B = A ∪ {ai, bi, ci, di : i ∈ I}. Suppose that U = X \B 6= Ø.
Choose a nonempty set (x, y) ⊆ U . Since U∩A = Ø then there exist a, b, c, d ∈
(x, y) such that a < b ≤ c < d and sets (a, b) and (c, d) are nonempty. Then
an open in X2 nonempty set W = (a, b) × (c, d) such that W ∩Wi = Ø for
every i ∈ I. This contradicts the maximality of (Wi : i ∈ I). ♦
Theorem 4.3 Let (X,<) be an infinite linearly ordered compact. Then w(X) =
p(Cp(X)).
Proof. The inequality p(Cp(X)) ≤ w(X) can be proved like in the proof of
Theorem 3.6.
Let p(Cp(X)) = κ. Then a set A˜ = {(x, y) ∈ X
2 : x < y and (x, y) = Ø} has
the cardinality at most κ by Proposition 4.1. Therefore a set A = {x, y ∈ X :
(x, y) ∈ A˜} has the cardinality at most κ. Note that for arbitrary dense in X
set B the system {(x, y) : x < y, x, y ∈ A∪B}
⋃
{[a, x) : x ∈ A∪B}
⋃
{(x, b] :
x ∈ A ∪ B}, where a = minX and b = maxX , is a base of open in X sets.
Therefore it is sufficient to prove that d(X) ≤ κ.
Consider a system V of all open in X nonempty set V with d(V ) ≤ κ. Choose
a maximal disjoint system U ⊆ V. Proposition 4.1 implies |U| ≤ κ. For every
U ∈ U we choose a set BU ⊆ U such that |BU | ≤ κ and U ⊆ BU . Put
B = A
⋃ ⋃
U∈U
BU and Y = B. Then |B| ≤ κ
2 = κ.
Suppose that X \ Y 6= Ø. Choose x0, y0 ∈ X \ Y such that x0 < y0 and
X0 = [x0, y0] ⊆ X \ Y . We show that c(X
2
0 ) ≤ κ.
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Let (Wi : i ∈ I) be a disjoint family of open sets in X
2
0 . Suppose that |I| > κ.
For every i ∈ I choose pair-wise distinct points ai, bi, ci, di ∈ X0 such that ai <
bi, ci < di and (ai, bi) × (ci, di) ⊆ Wi (it is possible since X0 has no neighbor
point). Put Ui = {f ∈ Cp(X0) : f(ai) < 0, f(bi) > 1, f(ci) < 0, f(di) > 1} for
every i ∈ I. Note that p(Cp(X0)) ≤ κ, thus (Ui : i ∈ I) is not point-finite in
Cp(X0). There exist a function f0 ∈ Cp(X0) and an infinite set J ⊆ I such that
f0 ∈ Ui for every i ∈ J . Since f0 is continuous on linearly ordered compact
space X0 which has no neighbor point, there exists a finite set K ⊆ X0 such
that for every x, y ∈ X0 the inequality |f0(x)− f0(y)| > 1 implies (x, y)∩K 6=
Ø. Then (ai, bi) ∩K 6= Ø, (ci, di) ∩K 6= Ø therefore Wi ∩K
2 6= Ø for every
i ∈ J which contradicts the disjointness of (Wi : i ∈ I). Hence |I| ≤ κ.
Thus c(X20 ) ≤ κ and according to Proposition 4.2 we obtain that d(X0) ≤ κ,
which contradicts the maximality of the system U . Therefore X \ Y = Ø,
d(X) ≤ κ and w(X) ≤ κ. ♦
The following corollary gives a negative answer to Question 5.2 from [7].
Corollary 4.4 A linearly ordered compact X is metrizable if and only if
p(Cp(X)) = ℵ0.
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